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Considering the field of conical flow of an ideal perfect gas near conical stream surfaces,
we show that ordinary (regular) stream surfaces which are constant-entropy surfaces
(isentropes) can coexist with particular stream surfaces characterized by distributed vari-
able entropy, These particular surfaces are envelopes of the field-of-flow isentropes
and can be contiguous with the regular stream surfaces without disrupting the continuity
of the stream surface either in the vicinity of the particular stream surface or in the
vicinity where the two surfaces meet, The results obtained enable us to postulate a pat-
tern of nonsymmetric flow past conical bodies with a continuous and unique distribution
of gasdynamic parameters in the field of flow, and to infer that this pattem is free of
singular points [1],

1, Let us consider the flow of an ideal perfect gas conically symmetric with its cen-
ter at the point O ; we assume that the field of flow contains a conical stream surface
§ on which the normal component of the flow velocity is equal to zero by definition,
The stream surface S is represented by the curve S on the sphere of unit radius with its
center at () (Fig, 1). We assume that in the curvilinear coordinate system 7, { the stream
surface S cotresponds to 1 = 0 and the lines { = const correspond to the normals
to §. In such coordinates the equations of gas motion are, for example [2], of the form

wuy + Xvug — X w? 4 v?) =
wry + Xvu, + Xuv + Yw? = — p~! Xp, (1.1)
wwy + Xvw, 4+ Xy,— Yow = — p~1 pg
wpy + vXps + p (wg + Xvy + 2Xu — Yv)= 0
2¢ (% — D p + p @2 + 2 4+ w?) = pVaux
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where u, v, w are the components of the velocity vector along the radius r and along
the coordinates 1, (, respectively; V max is constant throughout the stream; p, p, %
are the pressure, density, and ratio of specific heats of the gas, respectively, and k () is
the curvature of §. Equations (1.1) also contain the symbols

X = cosm — ksinn, Y =sinm + kcos q (1.2)

We begin by considering stream surfaces S near which all of the flow parameters
are continuous, have continuous derivatives of arbitrary order with respect to 1, and can
be expressed as expansions in integer powers of 1] which converge in some neighborhood
of §y. We shall refer to such sweam surfaces Sp as "regular”, Stream surfaces §, not
satisfying this condition will be called "particular”,

As we shall see below, the stream surface § can consist partly of Sr and partly of So.

Expressing the flow parameters as series in 1) near §p and recalling that v = 0 on
Sr, we have

u = ug (§) + nuy (§) + ...y p=po (&) +mp, (O + ... (1.3)
v =m0 () + %y (§) + ...,  w = w, (8 + mw () + .
p = 0o (L) +mp, (D) + ...

Substituting these expansions into (1. 1), we obtain recursion relations for the series
coefficients, The first equation of (1.1) indicates that one of two cases is possible :
either wy = u,"or w, = 0. In the first case the principal terms of the third and fifth
equations coincide if the entropy function o = pp-—* is constant on § (the case of vari-
able entropy must be rejected because of the incompatibility of the principal terms of
these equations). The recursion relations for the series coefficients therefore contain the
function u, (), which can be defined in arbitrary fashion,

u=uy @)+ O, v=—n(2u+u0" +u’ L=+ 0 (n?) (1.4)

®x—1

w=1u +OM), =" 0y (Vhax — to? — ug”) — kpotts” + O ()

Thus, the first case corresponds to a conical stream surface Sp, which coincides with

the equal~entropy surface (isentrope); the isentropes of the field of flow near Sp, are
parallel to the latter (Fig, 2a).

(a) o=tonst ) o=const

Fig, 1 Fig. 2

The second case wy = U is interesting in that it constitutes an example of a conical
stream surface S, on which the entropy can vary, In this case the relations for the
series coefficients contain the single arbitrary function u, ({) and are of the form
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Uy =0, Uy = g — 1/"RMO’2V?naxu‘o-1 (Viax — ued)™, ..., oy = —2u,, ...,
wy =0, wy = — */3u,'V, max (Vmax — Up*)™, ..., pp = const = pgy, py =0
Do = —Golig®, ..., Po = 2%Pg (0 — 1)~ ( max — Ho*) Tty ... (1.5)
In the coordinate system 7], { the slope of the equal-entropy curves is given by
dn/df = vX/w (1.6)

From this we see that dy/d{ — ~ as 11 — 0, i, e, the isentropes approach the surface
Sry along the normals (Fig, 2b), and the pressure at this surface is constant, The case
Uy == const corresponds to flow with constant entropy,

Wwe note that the surfaces Sp, and Sk, cannot adjoin each other continuously, This
is because of the diametrically oposite directions of the isentropes, which require the
existence either of corner points or of isolated singular points in the field of flow,

Stream surfaces (isentropes) are widely used for constructing the field of flow past
conical bodies, For example, the authors of studies on nonsymmetric flow past cones
[1—4] and delta wings [5, ] assume that the entropy is constant everywhere on the body
surface except at certain isolated points of entropy discontinuity [1],

2. Now let us investigate the possibility of existence of particular conical stream sur~
faces Sp. We can express the flow parameters in the neighborhood of S in the form
of the following expansions which ensure the continuity of the flow parameters as S is
approached, although their first (or higher) normal derivatives may go to infinity :

= u(Z) + (O + ool (D) F s (D) 4] (244
= W (@) b (e (O e (@)

6 = 00 (2) 4 1Py (D) 4 oo 1™ Lo (D) 4+ moy” (8) + ..
O<m<Y)

Substituting (2. 1) into (1.1), we find that it is possible to construct series for m = *,

with noncontradictory recursion relations, To simplify the derivation of these relations,
instead of applying (2.1),we first set T = Vﬂ in Egs, (1.1) and then substitute into
them the expansions of the functions in series in integer powers of T.

u = u* (0 +wy* (§) + ..y v=w*({) + ’6202* (C) + . (2.2)

o = po* (2) + 0y (8) + .. '

It is clear that the two above procedures are equivalent for m = 1/, ,

The second and fourth equations of system (1. 1) require that 1y* = 0, p* =0,
the first equation points to the existence of two cases: either wo* = uo* or wy* = 0.
The first case correspondstoa constant entropy on Sg; (this follows from the third and
fifth equations), and the coefficients of the expansion are given by recursion relations
containing the single arbitrary function u,* ({). Thus, the surface Sy, is an isentrope,
and the character flow in the vicinity of this surface is qualitatively the same as in the
case of Sg;.

We note that noncontradictory expansions with other fractional values of the exponent
m can exist in the neighborhood of So; .
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The most interesting stream surfaces are ¢, which correspond to the second case
wy* = 0, since the entropy on these surfaces turns out to be variable, The coefficients
of the expansions generally contain the two arbitrary functions uo* ({) and u,* (),

i, e, they are somewhat more arbitrary than the expansions near the isentropes, and the
expansions are noncontradictory for m == 1, only,

w=uy* (§) +n"u* + 0 (), v=—2Mu* () + 0Mm")
w = nrug*u* ' ue* + 0 (M), p=2%pgo(® — 1) (Vmax*—ue")™ + ..
P = DPoo — Po M2 [ue*2 + Yok (ue*u,* / ue*)? +... (2.3)

The pressure pgoo at the surface Sg, is constant, while the density p, and therefore
the entropy, are variable, The velocity w of transverse flow vanishes on Sy, ; the velo-
city u tends to finite values; the norimal derivatives of the velocities y, w and of the
density p go to infinity as n="= with diminishing distance from the stream surface,
although the pressure gradient and its derivative are continuous, Let us consider the pat-
tern of isentropes in the vicinity of Sg,. Substituting the principal terms of (2. 3) into
Ed. (1,6), we obtain the following equation 1, = 1, ({, 0) for the isentropes near Sp,:
— Euwe* [ w*)t + 0 (") (2.4)
where (, is constant along each isentrope,

Overlooking the degenerate case u, = const, we can now readily verify that from
every point [, belonging to S¢, there emerges a single isentrope with the corresponding
entropy value (Fig.3). The isentropes near 8¢, are parabolas tangent to Sg, at the

points £,, M= (g u)E (L — L) (2.5)

The surface Sy, is thus the envelope of the family of isentropes,

The fact that the velocity components v and w vanish at the stream surface Sg, also
imply that the streamlines of the field of flow asymptotically approach the radial gene~
ratrices of the stream surface Sp,.

Thus, a conical flow can contain conical stream surfaces over which the entropy varies,
Moreover, the series expansions of the flow parameters which permit departure from these
surfaces are highly arbitrary (they contain two arbitrary functions),

This fact suggests that such special stream surfaces are in no way exceptional, and can
occur in flows past conical bodies of varying configuration, It is, of course, generally
impossible for the entire surface of a streamlined body to be contiguous with the parti~
cular stream surface S, exclusively (although exceptions to this general rule appear to
be possible), It is therefore important to investigate the possibility of continuous conti~
guity of a regular and a particular stream surface,

n; = (C,

t

é=const
//
VLl 7777 i /7 TAITTS
6',, 7 i C,(é)

Fig, 3 Fig, 4
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8, Let us consider a portion of a sufficiently smooth conical stream surface § and
suppose that at the point (), with the coordinate { = {, the particular and regular stream
surfaces come in contact; the surface So, lies to the left of O, and Sg, to its right
(Fig.4). We shall show that the flow pattern in the vicinity of the point 0, can be as
follows: isentropes emerge from Sg, ; the curvature of these isentropes gradually decrea-
ses to zero as the point 0, is approached from the left; the limiting isentrope emerges
from O, along the axis 1) == (), Series of the form (2,2) are not suitable for describing
the flow in the vicinity of the point Oy, In fact, (2, 5) implies that as { - {; the quan-
tity uo*’ / uy* must tend to zero, However, this requires, for example, that the coeffi-
cients of the expansion for (2, 3) go to infinity, This flow zone requires the use of power
expansions in other variables which can be extended to the left and to the right of the
point O, for matching with series (1, 8) and (2.2). To this end we introduce the variables

TeD o n VI WAV
Y=—"1010—0— V(L — 1) + 4Vl (3.1)
The inverse transition (for 1 >> 0) can be effected by means of the formulas
E= 4 +z41, n = A (3.2)
The curves 1 = const are parabolas tangent to the axis 1} :- (); the quantity P as

well as the curvature of the parabolas tend to zero as the points of tangency approach
0,, so that the last parabola { == O coincides with the line 7 = 0 , { > [;. The
variable z constitutes the projection on the axis 11 = 0 of the distance from the point
(2, ¢) under consideration to the origin of the corresponding parabola, It turns out that
in these variables system of gasdynamic equations (1, 1) has solutions which satisfy the
no-leak condition at § ; these solutions take the form of the following power series:

u = u** (p) + zu** W) + .oy P = Poo + 2p,** () + ... (3‘3)
Equations (1,1) rewritten in the variables z, P are
D (u) — X2z2¢ (b + z) (w? + v?*) =0 (3.4)

D (v) + 229 (§ + 2) (Xuv + Yw?) = p7'X (p, + ps)
D w) + 22¢ (z + ¢) (Xuw — Yvw) = 229/p~* (zp, — ¥ps)
D (p) + 2029 (2w, — Ywy) + Xp (v 4 vy) +
+2p2p (p+2) 2Xu—Y,) =0
p2% (% — 1)1 4 p 4 P+ wd) —p Vigax = 0
D ()= 2w + Xv) 0 (-)/ 0z + (Xv — 2z V*w) 0 (-) / o

Substituting (3, 3) into this system, we find that the fourth equation yields v; = 0 and
the second equation requires p; = p, == pg = (. Under these conditions we obtain
noncontradictory recursion relations of the coefficients of series(3,3); as is the case with
(2.2), these relations contain the two arbitrary functions uy** (P) and u,** (). The
principal terins of the expansions are of the form

u=u** ¥ ..., v=— 22 AL

ug** TN * ok
w:*z(uouyl(”o )+ w L

*)2
P = Poo — 2*po {1P4 (0™*)? - Yohop? ‘((S% [(wo™*)" + “'1**]2} +... (3.9)
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P = po+ 0 (2) = 2ot (% — 1)~ [Viax — (ue**)*1 1+ . .
Poo = const

Hence, under certain conditions imposed on the functions u,** () and u,** () in
order to ensure the convergence of the power series the indicated flow pattemn in the
neighborhood of O, is indeed possible ; moreover, the solutions to the left of the point O,
take the form of series in z which can be reconstructed into series in ¥ 1 with princi-
pal terms of the form (2,2). In fact, the variables z, ¢ for [ < §; and forn << (L —
- §3)? (near 1 = 0, but far away from the point (,) can be written as

Va ( Vi ) ( V )
R e i RE L e W b o (L — ) -1 .
Li—1¢ T G—10p) P (C}. -0 L—¢ (3 6)
To the right of the point O; near 11 = 0 we have

Va ) Vi ( Vn )
z=({— 2 e+ O\ 57— 3.1
C—o+o(LL ), vl ol 6D

and the principal terms of series (3, 5) assume a form corresponding to (1, 3),

Thus, the fact of existence of noncontradictory expansions of the solution into power
series in the hypothetical flow pattern in the vicinity of joining of the regular and par-
ticular stream surfaces points to the possibility of such flows, although a complete proof

of the existence of the solution requires the imposition of conditions on the arbitrary
functions to ensure the convergence of the solutions employed,

4, If a flow is symmetric relative to some plane { = (), then the derivative
du /9L — 0 as §— 0 on the particular stream surface Sg,. Hence, other expansions
are required in the neighborhood of the point § = 0 of the particular stream surface
So2, since expansions (2, 3) lack meaning there,

We were able in this case to construct the solution in the spherical coordinate system
r, 6, ¢ with the axis § = 0 passing through { = 0 (Fig, 5). As we know, Eqgs, (1.1)

A Y

(3) (b)
e e e % &
82
Fig, 5 Fig, 6
can be written in this coordinate system as
g sin Oug + wu, — ¢®*sin 6 — w?sin@ = 0 (4.1)
q sin Oge -+ wq, + qu sin 0 — w? cos 8 = — p~!sin Opy
g sin 8wy + wu, + uw sin 6 + qw cos 6 = — p~lp,

g sin Bpe + wpe + p (2u sin 6 4 sin 0gs + g cos 0 4-1,) = 0
2pm (6 — D7+ p (WP 4+ ¢+ W) = p Vi

where u, ¢, w are the components of the velocity vector which correspond to the
directions of variation of 1, 8, @.
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Let the stream surface S be defined by the series

Q=40+ @b+ ... for g <Yy, ¢ =q — a0 — a,0%...  (4.2)
(@ > 1)

With allowance for symmetry and for the no-leak condition at S, we can express the
flow parameters in (4,1) as the expansions

w=uo’ (@) + 8 (@) + ..., ¢ = 00" (@) + 0%° (¢) + ... (4.3)
w = 0w® (@) + 02w, (9) + ..., p = Poo + 60:° () + ...
p = po (@) + 0p,° (@) - ...

Several authors, e, g, those of [7, 8], have investigated conical flows in the neighbor-
hood of the point of symmetry O, with the aid of such expansions,
The first equation yields () w,® = 0 4 4)

The case (uy°) == 0, w,° = 0 requires the existence of a singular point in the
entropy and density distributions (called the “Ferri [1] entropy singularity” in several
papers), In this case, which is investigated in detail in the aforementioned papers, the
isentropes converge to the point (J,, so that the case corresponds to the regular stream
surface Sp (or So,)-

Let us consider the case (u,°)" == 0, w,° == 0, which, as already noted, also yields
noncontradictory recursion formulas for the coefficients of series (4,2). For the first
terms of the expansion we obtain

[ o 4 ! 2
g:°ty° + w1y = 0 (7 F ' + v’ = — po® 2y (4.5)
0., 0 Orry O ° ’
@w’ A+ ww® + ww,® = — py¥/py°
" = — Yo" —uy’, po° = comst, u,° = const

This system reduces to the following nonlinear differential equation for w,°:

w® (" + dw®) — ug® (W + Jaw®) = 0 (4.6)
As can be verified directly, this equation has the following two-parameter family of
periodic solutions: we = A sin 2¢ + B cos 2¢ 4.7)

where A and B are arbitrary constants,

Taking account of the no-leak condition at § (w” = 0 for ¢ =0 and @ = x)
and also of the symmetry condition (wo° =0 for ¢ = m / 2), we obtain the following
formulas for the first coefficients of series (4, 3):

w," = A sin 2¢, g,° = —A cos 2p — yu,° (4.8)

For the remaining coefficients we obtain a system of linear differential recursion equa~-
tions with the appropriate boundary conditions,
Let us consider the limiting form of the isentropes, Their equation can be written as

48 __ ¢i°dg - i
‘g/‘/ P [1“{—0(8)! (i.x,‘))
Substituting (4, 8) and integrating, we obtain the equation of the isentropes
C (3) ; / uy”
0~ —==— ctgV = & 4.10
Vango 08 (@) v =1z4) (4.10)
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Alternatively, converting to the coordinates 7, § by means of the formulas
~ 0 cos @, n=0sing + O (6%
and altering our symbol for the integration constant, which depends on the magnitude of

the entropy function ¢, we obtair_l (o (l ue— A) A
M=0E7LII= oy (4.11)

It is clear that ¢,° 4= O for | A|==|u¢’|,so that the stream surface S in this case
correponds to an isentrope, and the neighborhood of the point O, is either a saddle
(JA|>|ue’) oranode (|A|<|uy"!) of the family of isentropes with an entropy
singularity, In order to obtain the particular stream surface Sp, we must ensure that
the component ¢ be equal to zero for ¢ = 0 and ¢ = =, i.e. we must set

g (4.12)

The subsequent coefficients of the expansion are obtainable from a system of ordinary
differential recursion equations with boundary conditions corresponding to the no-leak
condition at So,.

Thus, the fact of existence of a symmetric solution (4.12) with a condition on S of
the same type (g = 0, w = 0) as on the particular stream surface 80, indicates the
possibility of two types of isentrope configurations in the vicinity of the point (), (Fig.6);
moreovelr, the point (J, is not an entropy singularity, since the isentropes do not converge
to the point (,,but terminate at Sy, at disctinct points distributed continuously over
Ss,- We note that the case A = u,’ corresponds to Sg, lying in the plane ¢ = / 2.

B, Thus, in addition to regular stream surfaces coincident with isentropes, conical flows
can also contain particular conical stream surfaces over which the entropy varies and
which constitute envelopes of the family of isentropes. In this case the particular stream
surfaces can merge continuously with the regular surfaces; they likewise admit of a sym-
metric solution without any entropy singularities either on the surface S or in the field
of flow,

The above results suggest the existence of a new diagram of separation-free flow past
conical bodies (Fig, 7b) different from the diagram proposed by Ferri [1] with its entropy
singularity at the points of detachment of the streamlines (Fig. 7a). The surface of the
conical body in the proposed diagram can be partially contiguous with the regular stream
surface (e. g, the windward and side surfaces of a cone at angle of attack) and partially
contiguous with the particular stream surface (the leeward portion of the cone in the
neighborhood of the rear critical point), The entropy is constant on the first part of the
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surface (although the pressure and velocities vary); on the second part of the surface the
pressure remains constant, while the entropy varies continuously from its value at the front
part of the surface to its value at the rear critical point, It is apparently aiso possible to
have still more complex flow diagrams containing several areas of constant and variable
entropy.

The constant-entropy areas (i, e, areas of the type Sp,) can be associated with frac-
tional powers of the coordinates in the series and with more complicated patterns of
joining of the respective areas, For this reason the flow diagram discussed above is not
exhaustive and must be checked and refined by means of numerical calculations and
experiments, We note that numerical calculations [8] have been carried out for relativ-
ely small angles of attack of a cone (smaller than the half vertex angle), This precludes
their use for verifying the existence of the domain Sp,, which must be very small in
such cases,

The author is grateful to A, A, Dorodnitsyn, V, Ia, Neiland, V, V,Sychev and A, S,
Fonarev for discussing the results of the present study and for their valuable comments,
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